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Detecting Spectrum Opportunitiesin Poisson Primary Networks

Wei Ren and Qing Zhao

I. INTRODUCTION

Opportunistic spectrum access (OSA), also referred to astrspe overlay, is one of the
several approaches envisioned for dynamic spectrum management [1]. The basic idea of OSA
is to allow secondary users to exploit temporarily and locally unused channels without causing
unacceptable interference to primary users.

One of the central issues in OSA is spectrum opportunity detection through sensing. Before
transmitting over a particular channel, a secondary user needs to decide whether this channel is
an opportunity. This is the so-called “Listen-before-Talk” (LBT). In this report, to quantitatively
characterize the performance of LBT, we consider a slotted network setup where primary users
are distributed according to a spatial Poisson process (see Sec. IlI). We first analyze the perfor-
mance of LBT at both physical and MAC layers, and then we investigate the translation from
physical layer opportunity detection performance to MAC layer performance, which is crucial
in the design of the opportunity detector. In particular, we demonstrate the complex dependency
of the relationship between PHY and MAC on the application type (guaranteed delivery vs.
best-effort delivery) and the use of handshaking signaling such as RTS/CTS at the MAC layer.

Throughout the report, we use capital letters for parameters of primary users and lower-cased

letters for secondary users.

I[I. NETWORK MODEL

Consider a decentralized primary network with slotted tmaission structure. Assume that
users are distributed according to a two-dimensional homogeneous Poisson process with density

A. At the beginning of each slot, each primary user has a probability transmit data to a
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receiver that is uniformly distributed within its transmission rarfge (see Fig. 1). Based on
the Thinning Theorem and the Displacement Theorem for marked Poisson processes [2], both
primary transmitters and receivers form a two-dimensional homogeneous Poisson process with

densitypA. Note that these two Poisson processes are not independent.

® Primary User
® Primary Tx

Fig. 1. A Poisson distributed primary network.

[1l. SPECTRUM OPPORTUNITIES DEFINITION AND IMPLICATIONS

A rigorous study of spectrum opportunity detection musttsteom a clear definition of
spectrum opportunity. In fact, the concept of spectrum opportunity is more involved than it at
first may appear [3]. As illustrated in Fig. 2, a channel is an opportunity to a pair of secondary
usersA and B if they can communicate successfully while limiting the interference to primary
receivers. More specificallyB can not be affected by primary transmitters, aadcan not
interfere with any primary receivers. In other words, there is no primary receiver located within
distancer; to A, and no primary transmitter within distanég to B, wherer; is the interference
range of secondary users and is monotonically increasing in the transmissionpgweris the
interference range of primary users. Here we have adopted the disk model for signal propagation
and interference. This definition, however, applies to general cases [5].

The first implication of the spectrum opportunity is that to detect the opportusityeeds
to detect the presence of nearby primary receivers, Bndeeds to detect the presence of
nearby primary transmitters. However, without assuming cooperation from primary users, primary

receivers are much more difficult to detect than primary transmitters. One effective alternative
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',"'g Primary Tx
® Primary Rx

Fig. 2. Definition of spectrum opportunity.

is "listen-before-talk” which transforms the problem of detecting primary receivers to detecting
primary transmitters. As shown in Fig. 3| infers the presence of primary receivers within
distancer; from the presence of primary transmitters within distamge wherer, denotes

the detection range and can be adjusted by changing, for example, the threshold of an energy
detector. LetRR, denote the transmission range of primary users, then the most conservative
detection range i€, +r;, which may result in overlooked opportunities. As illustrated in Fig 3,

if the detection range i&,+r;, the transmission activities of primary transmitferwill prevent

A from accessing the spectrum opportunity even though the intended receixernsobutside

the interference range of A. However, if we let-p, < R,+r;, e.9., the dashed circle in Fig. 2,

A can not detect the transmission activityYof and it will interfere with the intended receiver of

Y. So even ifA uses LBT with "perfect ears”, spectrum opportunity detection can not achieve
perfect performance due to the fundamental deficiency of LBT.

The second implication is that spectrum opportunity is asymmetric, that is, a channel that
is an opportunity whemd is the transmitter and3 the receiver may not be an opportunity
when B is the transmitter and! the receiver. So i3 needs to send back the acknowledgement
to A after B receives data, the acknowledgement fraéimay not be received by. This
asymmetry leads to a complex relationship between the opportunity detection performance at
the physical layer and the link throughput and interference constraint at the MAC layer. As
shown in Sec?? and Sec. V-D, this relationship varies with the application type (for example,

whether acknowledgement is needed to complete a successful data transmission) and the use of
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= Primary Tx
® Primary Rx

Fig. 3. Spectrum opportunity detection at the secondary tx

handshaking signaling. In other words, it depends on whether the roles of the transmitter and

receiver need to be reversed during the process of communicating a data packet.

IV. SPECTRUM OPPORTUNITY DETECTION: FIGURES OFMERIT

In this section, we specify the figures of merit for spectrurparpunity detection.

PHY Performance. The spectrum opportunity detection can be formulated as a binary
hypothesis testing problem. Lé{ A, d,rx) denote the presence of primary receivers within
distanced to the secondary transmittet, and (B, d, tx) the presence of primary transmitters

within distanced to the secondary receives. Let I(-,-,-) denote the complement df-, -, -).

The two hypotheses are given by

Ho : opportunity existsj.e., I(A,r;, rx) NI(B, Ry, tX).
Hi : no opportunity,i.e., I(A,r;,rX)UIL(B, Ry, tx).
The figures of merit at the physical layer are given by the probabilities of false d@tarand

miss detectionP,p:
PFéPr{decideHl | Hot, PMDéPr{decideHo | Hi}.

The performance of the detector is specified by the receiver operating characteristic (ROC) curve,

which givesl — Py;p (probability of detection or detection power denoted/y) as a function
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of Pr. See Fig. 4 for an illustration. In general, reduciifg comes at a price of increasing

Py p andvice versaThe tradeoff between false alarm and miss detection is thus crucial, and the
operating characteristics of the spectrum sensor should be designed by considering the impact of
detection errors on the MAC performance. As a consequence, the relationship between PHY and
MAC needs to be carefully examined. In particular, as for LBT with perfect ears (see Fig. 3),
the tradeoff between false alarm and miss detection can be achieved by adjusting the detection

rangerp € (0,r; + R,).

Pr

Fig. 4. ROC curve of LBT with perfect ears.

MAC Performance The MAC layer performance is measured by the throughput of the
secondary user and the interference to the primary users. The design objective is to maximize
the throughput of secondary users while limiting the interference to the primary users.

The figures of merit at the MAC layer are thus given by the probab#ifyof successful data

transmission and the probabilify- of colliding with primary users
Ps = Pr{successful data transmission Q)

Po = Pr{A transmits data I(A,r;,rx)}. 2

We assume that collisions with primary users are caused by data transmissions. We ignore the interference from the

transmission of acknowledgement and handshaking signaling such as RTS/CTS due to their short duration.
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Note that P is conditioned onl(A, r;,rx) instead ofH,. Clearly, Pr[I(A,r;,rX)] < Pr[H,].

This further complicates the relationship betweepn, and P- as shown in Sec. V.

V. PERFORMANCE OFLBT WITH PERFECTEARS

In this section, we analyze the performance of LBT with pdréars in a Poisson distributed
primary network. First, since false alarm and miss detection are conditiongd,cend H;
respectively, we derive the expression for the probability of spectrum opportéhityi).
Second, based on the expression foi[H,|, we obtain the analytical expressions for PHY
performance measures (false alarm probability miss detection probability’,;,) and MAC
performance measures (successful transmission probabBiitgollision probability P-). Last,
we compare applications requiring guaranteed delivery with those relying on best effort (for
example, media streaming and network gaming), and also study the impact of MAC handshaking

signaling on the performance of LBT.

A. Probability of Spectrum Opportunitr[H,]

Recall the definition of the conditional probability,

PriHo) = Pr{l(A,r;,rx)NI(B, R, tX)},

= Pr{I(A,r, ) | I(B, Ry, )} - Pri{l(B, Ry, ). 3)

Next we will calculate the two probabilities in the above expression one by one.
O Pr{I(B, R;,tx)}

Since primary transmitters satisfy a Poisson process with densjtit is easy to see that
PT{H(BaRlatX)} = eXp(_p)‘B)v (4)

where\p = A\t R2.

O Pr{I(A,r,rxX) | I(B, Ry, tx)}

Let d be the distance betweeh and B, S.(d, r1, ) denote the area within a circle with radius
r1 centered atd but outside the circle with radius, centered atB. The area ofS.(d, r1,72)

equalsmr? — S;(d, ry,72), whereS;(d, 1, r9) is the common area of two circles with radius
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andr, and centered apart (see Appendix A for its expression). Then by considering the fact
that the primary receiver withim; of A can only communicate with the primary transmitter

within r; + R, of A and using the Total Probability Theorem, we have that

PT{H<A7 Tr, rX) ‘ H<B7 RI; tX)}

= Y Pr{l(A,;r,m) N (k tX € So(d, 7 + Ry, Ry))| I(B, Ry, tx)},

= Y Pr{l(A,r, )| (k tX € S.(d,r; + Ry, Rp)) N1(B, Ry, tx)}
Pr{k tx e Sc(d,TI+Rp,R[)}. (5)

Here "k tx € S.(d,r; + R,, R;)” means that there exigt primary transmitters inside the region
S.(d,rr + R,, R;). In the lase step, we use the fact that the spatial distribution of primary
transmitters inS.(d, r; + R,, R;) is independent with that in th&; circle of B.

Similarly to Pr{l(B, R;,tx)}, Pr{k tx € S.(d,r; + R,, Rr)} is given by

(p)\Al)k

Pr{k tx € S.(d,r; + Ry, Rp)} = k!

exp ( _p>‘A1 ) ) (6)
where s = AS.(d,rr + R, R;).

Let P, = Pr{I(A,r;,rx)| (one txe S.(d,r; + R,, Rr)) N1(B, R, tX)}, then since each pri-
mary transmitter choose its receiver independently, it follows that

Pr{l(A,r1,1x)| (k tx € Su(d, 71 + Ry, Rp)) N1(B, Ry, tx)}

S[(TR ’f‘[)
= PF= 1— ———2—|rdrdf | . 7
: // dr1+Rp,R1)[ TR? ]M 0

Sc(d ri+Rp, R[
Herer is the radial coordinate in the polar coordinate system, (arglthe angular coordinate.

We choose the secondary transmittelas the origin.
([ PT[H()]

By combining (7), (6), (5), and (4) with (3), we can express the probatHlity#{,] of hypothesis

Ho in the following form.

PT’[HQ] = exp[—p()\Al(l — Pl) —+ )\B)],

(r, Ry, )
= exp [—pA / / - Rg rdrdd +7R7 | | . (8)

Sc(d ri+Rp, R[
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The detailed description &.(d, r;+ R,, R;) in the polar coordinate system is given in Appendix
B. Note that the integranes’(%’{%gm does not depend on the angular coordinéteso by
integrating with respect té first, Z;Ne can reduce the double integral in (8) to a single integral
fO”JrR” %ﬁg”)r - 6(r) dr, whered(r) is a function ofr and determined by the shape of

S.(d,rr+ R,, Ry). If we take into account the symmetry 8f(d, r; + R,, R;), the computation

can be further simplified.

B. PHY Performance

1) False Alarm ProbabilityPp:
For LBT, false alarm occurs if and only if the secondary transmittedetects the presence

of primary transmitters undek(, (see Fig. 5). In this case, false alarm probabilty is given
by
Pr = P’/’{I[(A,TD,D() ‘ H(]},
= 1—P7’{I[(A,TD,tX) | H(]} (9)

-~ = Primary Tx
-------- B Primary Rx

Fig. 5. An illustration of false alarm (Undé,, there exist primary txs withimp of A)

Use the Bayer Rule,
Pr{l(A,rp,tx) | Ho}

= Pr{I(A,rp, ) | I(A,7,ix) N I(B, Ry, x)},

Pr{I(A rrm) | A, rp, ) N 1(B, By )} - Pr{I(A, rp, ) N I(B, Ry, 00}
- PriHo] - (10)
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Next we will calculate the two probabilities in the numerator of the above expression one by

one.

O Pr{I(A,rp,tx) NI(B, Ry, X)}

Similarly to Pr{l(B, R;,tx)}, Pr{l(A,rp,tx) NI(B, R;,tx)} is given by

Pr{l(A,rp,tx) NI(B, R;,tX)} = exp(—pAag), (11)

WherE)\AB = )\[77'(’/“%) + R%) — S[(d, D, R])]
O Pr{l(A,rr,rx) | I(A,rp,tx) NI(B, Ry, tx)}

Use the Total Probability Theorem again,

Pri{l(A,rr,rx) | I(A,rp,tx) N I(B, Ry, tx)}

= Z PT’{I[(A, rr, rX) N [/{5 X e Sc(d, rr+ Rp, RI) — SAQ] | I[(A, D, tX) N H(B, RI, tX)},
k=0

= Y Pr{l(A,r,1X) | [k X € So(d,r; + Ry, Ry) — Sao] NI(A,rp, ) NI(B, Ry, tX)}
k=0
- Pr{k tx € S,(d,r; + Ry, R;) — Sas}, (12)

whereS4y = S.(d, rp, Rr)NS.(d, r1+ Ry, Rr). The expression for the regid, is given

in Appendix B. In the last step, we use the fact that the spatial distribution of primary
transmitters inS.(d, r;+ R,, Rr) —Sa2 is independent with that in the, or r; + R, circle

of A and theR; circle of B.

For Pr{k tx € S.(d,r1 + Ry, Rr) — Saz2}, it is easy to see that

(p(Aar = X%,))*
k!

Pr{k tx € S.(d,r; + Ry, R;) — Sa2} = exp(—p(Aa1 — Aha)),  (13)

where )%, = A\So.
Let P, = Pr{l(A,r;,rx) | [one txe S.(d,r;+ R,, R;) —Sa2|NI(A, rp, tX)NI(B, R, tX)},
then we have that

P’/’{I[(A, I, rX) | [/{Z tX e Sc(d, rr+ Rp, R[) — SAQ] N H(A, ’/’D,tX) N I[(B, R[,tX)}
k

1 8[(7" R ’f‘[)
pry Pk = 1 - ! al 14
: // S.dirr + Ry Rr) — S { "R } rdrdf [(14)

Sc(dyrr+Rp,Rr)—Sa2
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Substitute (13), (14) into (12), and use the formefta(z) = >",7, ji—’f and then substitute
(8), (11) and (12) into (10),

Pp = 1—exp[—p((Aa1 =A%) (1 = P2) + Aap — Aar(1 = P1) — Ap)],

1 —exp |—pA | 7r3 — Si(d,7p, Ry) — //SI L ggﬂ‘[ rdrdd | | . (15)
T

Sa2

2) Miss Detection Probability’,; :
For LBT miss detection occurs if and only if the secondary transmiteoes not detect the
presence of primary transmitters undés (see Fig. 6). We thus have

PMD = P’/’{I[(A,TD,D() | Hl},

= Pr{l(A,rp,tX) | I(A,r7,rX) UL(B, Ry, tx)}. (16)

el
bl

- B Primary Tx
® Primary Rx

_____

Fig. 6. An illustration of miss detection (Undét,, there exists no primary tx withinp of A)

In order to use our known results about false alarm probaliitywe write P, as follows:
Pr{l(A,rp,tx)} — Pr{l(A,rp,txX) N I(A,r;,rX) NI(B, R, tX)}

PMD - P’I“[Hl] ’
_ Pr{l(A,rp,X)} — Pr{I(A, rp,tx) N I(A,rr,rx) N I(B, Ry, tx)} (17)
N 1-— P’I‘[Ho] ‘
Since
Pr{l(A,rp,tx)} = exp(—pAas), (18)

Pr{l(A,rp,tx) NI(A,rr,rx) NI(B, R, tX)}

= Pr{l(A,r;,rx) | I(A,rp,tX) NI(B, Ry, tx)} - Pr{l(A,rp,tx) NI(B, R;,tx)}, (19)
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where \ 43 = Arr?, it follow from (8), (11), and (12) that the expression By, is obtained
as below.

Pyp

exp(—pArrf,) — exp l—pA (w(r% + R3) - Sr(d,rp, R) + If %rdrdeﬂ
Sc(d,Tj-ﬁ-Rp,R])—SAg P 20)
\

1 —exp l—p/\ ( I %rdrd@ + WR%)
Sc(d,Tj-ﬁ-Rp,R]) P

3) Properties:
O Property 1 For fixedpA, 77, d, Ry, andR,, Pr T and Pyp | asrp 7.

Proof. Since

2 — Si(d,rp, Rr) — //31 ngg’” rdrdf = // [1 - %’”)} rdrd
P

Sa2

and the areaS,, of the double integral increases ag increases, it follows from the
monotonicity of exponential function thadtr is an increasing function aofp.

On the other hand, since

PMD

exp(—pArrp) {1 — exp [—pA (wR§ ~Si(d,rp, Ry) + If %rdrd@)] }

Sc(d,r1+Rp,Rr)—Sa2

Y

SC(dyrf +Rp 7RI)

1 —exp [—p)\ ( [ Mrdrd@ + 7rR2>

by considering the monotonicity ekp(—pArr?), S;(d, rp, Ry), andS4, with respect to

rp, we conclude thaf’,,, is a decreasing function ofy. [

O Property 2 For fixedrp, r7, d, Ry, andR,, Pr T aspX 1.

Proof. Since from the definition of.,, we know thatrr?, is always larger than or equal
to S;(d,rp, Rr) + ffmrdrde based on the monotonicity of exponential function,

we can conclude thaPF 7 aspA T given other parameters]

O Property 3 For fixedrp, r7, d, Ry, andR,, Pyp | aspA 1.
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Proof. Let
U = pA
s, = mrh
sy = wRI—8;(d,rp, R;) + // S‘T(T;Tigg’mrdrdﬁ
Sc(dr+Rp, Rr)—Sas g
S3 = // 781(7;2? i) rdrdf + 7R3

Sc(dyrr+Ryp,Rr)
and by recalling the definition af.(d,r; + R,, R;) and S42, we can easily find that,
s1, S92, and sz satisfy the following properties: all of them are positive, and+ s, > s3,
ss < s3. Then we only need to show the function

_exp(—us1)(1 — exp(—ussz))
Jlu) = 1 — exp(—us3)

is a decreasing function aof (u > 0) with sy, s, s3 > 0 ands; + s, > s3, 59 < 832
By replacingexp(—u) by z (0 < x < 1), we obtain a new function of x.
R

Sincer = exp(—u) is monotonically decreasing and!~(3752) (s; — (s3 — s9) > 0) is
monotonically increasing, it is equivalent to show that) = 2 is an increasing
function of x for 0 < x < 1.
Take the derivative ofi(x),
87527 g5 (1 — 2%2) — 55(1 — 2%3))]

(1 —x3)?

Next we will show thatss(1 — ) —sy(1—2%) > 0, i.e., =22 > 1222 for 0 < s, < s3.

s9 =

h'(z) =

To prove this inequality, we define a function of

_1—x“

a

p(a) 0<xz<1).

Take the derivative with respect tg

—(In(z))za — (1 — %)

P(a) =

2If 59 = s3, then f(u) = exp(—us1) and the proof is trivial
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Denote the numerator ¢f (a) by ¢(a), then we have that
q(0) = 0, ¢(a)=—(In(x))*2% <0, forall a >0
= q(a) < 0, foralla>0, i.e., p'(a) <0, forall a >0

Sop(a) is monotonically decreasing with respectdolt follows that the inequality holds

for 0 < sy < s3. Hence,h(x) is an increasing function of (0 <z < 1). O

C. MAC Performance

1) Collision Probability P.:
Since the secondary transmittértransmits data if and only ifl detects no nearby primary

transmitters (see Fig. 7), by recalling (1), we have
Pe = P’/’{I[(A, D, tX) ‘ H(A, Ty, rX)}. (21)

Note that collision probability”?- does not depend on the activities of primary users near the

secondary receiveB. Moreover, By comparing (21) with (16), we can easily see fhatt Py p.

£ =2

B Primary Tx
B Primary Rx

Fig. 7. An illustration of collision (there exists no tx withip of A = Collision with some rx withinr; of A)

Based on the basic property of conditional probability, we have that

P Pri{I(A,rp,tx) NI(A,rr,rx)}
¢ Pr{I(A,r;, )}

(22)
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Since according to the Displacement Theorem primary receivers admits a spatial Poisson

distribution with densityp), it follows that
Pril(A,r;,rX)} = 1 — exp(—pAnr?). (23)

Then by using the similar techniques in the derivation of the expressio®#@¥,|, we can
obtain the expression for the probability in the numerator of (22). So collision probability
is given by

_ exp(=pAmrd)[1 — exp(—pAn(r; — I(rp, 11, 1Ry)))]

P,
© 1— exp(—p)\m“?)

: (24)

whereI(rp,rr, R,) = OTD 27431(%%3,%17,_ If we substitute the expression fé¥;(r, r;, R,) into
the above integral, we can actually obtain a closed-form expressiof(fetr;, R,) (see Ap-
pendix C).

2) Successful Transmission Probability:

For applications with guaranteed delivery, an acknowledgement (ACK) signal Bdmthe
secondary transmitted is required to complete a data transmission. In this case successful
data transmission occurs if and only if the ACK signal is successfully receiveld But since
spectrum opportunity is asymmetric (see Sec. lll), correctly identified opportunity may not lead
to a successful transmission (see Fig. 8). On the other hand, as shown in Fig. 9, if there are
some primary receivers withiry of A, but no primary transmitters withiR; of A and B, then

miss detection leads to a successful transmission.

= Primary Tx
® Primary Rx

Fig. 8. Successful data transmission but failed ACK
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-
LI

. !
.
.
.

,"'@ Primary Tx
B Primary Rx

Fig. 9. Miss detection leads to successful transmission.

Let the effective ranger = max{rp, R;}, then followed from the above facts, we can express
the probability Ps of successful data transmission as follows:

Ps = Pr{successful data transmissjon

= Pr{successful transmissidr,} - Pr[H,| + Pr{successful transmissidri*,} - Pr[H],

= Pr[I(A, rg,tX) | Ho] - Pr[Ho) + Pr(I(A,rg, tX) NI(B, Ry, tX) | Hi] - Pr[Hi]. (25)
By comparing (25) with (9) and (16), we can easily see that
Pr{successful transmissidnt,} < 1-— Pp,
Pr{successful transmissidn,} < Pyp.

By using the definition of{, andH, we can simplify the expression féfs into the following
form:

Ps = Pr{l(A,rg,tx) N1(B, Rr,tX)},
= exp[-pA(7(r% + R?) — S;(d, rg, Ry))). (26)

From (26), it seems that the success probabifi§ydoes not depend or. But since the collision
probability P~ (see (24)) depends at}, and there is a constraint i (P < (), it follows
that given different;, »p, probably needs to be chosen differently to meet the constraiit-on
and therefore it results in differemty.

We now consider the success probabiliRy for applications relying on best-effort delivery

(for example, media streaming and network gaming). For these applications, ACKs are not
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necessary. Since ACK is not involved in opportunity detection and collision with primary users,
given the same parameters @, R,, R;, d, r;, andrp) we have the same expressions for false
alarm probability Pr, miss detection probability?,;», and collision probabilityP- as before
but different successful transmission probabiliy.

For best-effort delivery, data transmission is successful if and only if data is received success-

fully at the secondary receivé?. So the probabilityPs of successful data transmission is given
by
Ps = Pr{successful data transmissjon

= Pr{successful transmissidr,} - Pr[H,| + Pr{successful transmissidrit,} - Pr[H],

= PT[H(A,TD,tX) ‘ H(]] PT[H()] +PT[H(A,TD,tX) QH(B,R[,tX) ‘ Hl] ‘PT[Hl],

= Pr{l(A,rp,tx) NI(B, R;,tX)},
= exp[-pA(7(rH + R?) — Si(d,rp, Ry))]. (27)
By comparing (27) with (9) and (16), we can easily see that for best-effort delivery:

Pr{successful transmissidnH,} = 1— P,

Pr{successful transmissidnt,} < Pyrp.

D. Performance of RTS/CTS enhanced LBT

The fundamental deficiency of LBT resembles the hidden and exposed terminal problem in
the conventional ad hoc networks of peer users. It is thus natural to consider the use of RTS/CTS
handshaking signaling to enhance the detection performance of LBT.

For RTS/CTS enhanced LBT, spectrum opportunity detection is performed jointly by the
secondary transmittet and the secondary receivBrthrough the exchange of RTS/CTS signals.

The detailed steps of RTS/CTS enhanced LBT is listed as below.

. A detects primary transmitters within distance. If it detects noneA sendsB a Ready-

to-Send (RTS) signal.

« If Breceives the RTS signal fromh successfully, which automatically indicates the absence

of primary transmitters within distande;, thenB replies with a Clear-to-Send (CTS) signal.

« Upon receiving the CTS signal transmits data ta3.
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Then we will derive the expressions for false alarm probabifity miss detection probability
Py p, collision probability P, and successful transmission probability one by one.

1) False Alarm ProbabilityPp:

For RTS/CTS enhanced LBT, the observation space of opportunity detection comprises the
RTS and CTS signals. So false alarm occurs if and only if the RTS/CTS exchange fails under
Ho (see Fig. 10 and Fig. 11). It follows that false alarm probabilty is given by

Pr = P’/’{I[(A, TE,tX) ‘ H(]} (28)

By comparing (28) with (9), we find that they are almost the same except tha replaced

by rr in (28). Hence we have that

SI (Tv R]M TI)

T2 rdrdd | |, (29)

Pp=1—exp |—pX\ | 7ry, — Si(d,rg, Ry) —//
Sa1
whereSy, = S.(d,rg, Rr) N S.(d, 7 + R,, R;), and the detailed form af4; can be found in

Appendix B.

e --"" E Primary Tx
® Primary Rx
(a)there exists tx withimp of A

Fig. 10. Casel: A detects primary transmitter.
2) Miss Detection Probability’,;:

For RTS/CTS enhanced LBT, miss detection occurs if and only if the RTS/CTS exchange is

successful undet{; (see Fig. 12). So miss detection probabiliy;, is given by

PMD = P’T’{I[(A,’I“D,tX) N I[(B, R[,tX) N I[(A, R[,tX) | Hl} (30)
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Primary Tx
EpPrimary Rx
™ Interference
(b) there exists tx withink; of A

Fig. 11. Case: A fails to receive CTS.

—’—
.
.
g,
.
'\§
,
,
A |
.
b
.

and

= Primary Tx
B Primary Rx

~e -

(a) A detects no primary tx (b) B receives RTS (c) A receives CTS
= notx<rpofA = notx < R; of B = notx< Rrof A

Fig. 12. An illustration of miss detection

Then by using Bayes rule, we can express (30) in the form of some know probabilities.

PT{H(A, rE, tX) N H(A, rr, rx) N H(B, Ry, tX)}
PT[H1] ’
(1 — Pr{I(A,r7,m%) | I(4, 75, x) NI(B, Ry, tx)}) - Pr{I(A, 75, x) N 1(B, B, )}

- 1-— PT[HQ] ' (31)

Pyp
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By recalling (8), (11), and (12), we have that
exp(=pAap)[l — exp(=p(Aa1 = Nyp)(1 = P))]
1 —exp[—p(Aa1(1 — P1) + Ap)] ’

1 —exp <—p/\ ff %Tdrd@)]

Sc(d,r1+Rp,R1)—Sa1

Pyp =

exp[—pA(n(r% + R?) — Si(d,rg, Ry))]

{32)

1 —exp [—p/\ < I %rdrd@ + WR?)
Sc(d,T‘I-i-RP,RI) P

where )\, = \Sa4;.

3) Collision Probability Pe:

For RTS/CTS enhanced LBT, given that there exists some primary receiver within the inter-
ference range; of the secondary transmittet, collision occurs if and only if the RTS/CTS

exchange is successful (see Fig. 13). So collision probalitys given by

Po = Pr{l(A,rg,tx) NI(B, Ry, tx) | I(A, r7,rx)}. (33)

and
(a) A detects no_primary transmitter (b) B receives RTS successfully
=-exists no tx withinrp of A =exists no tx withinR; of B
and
=]
=
Primary Tx
B Primary Rx
~ Interference
(c) A receives CTS successfully (d) A sends data and causes interference

=-exists no tx withinR; of A

Fig. 13. An illustration of collision
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By comparing (33) with (16), we have that

PT[H1]

P, = —— P
¢ Pr{l(A,rr,rx)} MD:

exp[—pA(m(r%, + R?) — Si(d,rg, Ry)))]

1—exp <—p)\ I 751(;’23’”)7’drd9>]
(34)

Sc(d,r1+Rp,Rr)—Sa1

1 — exp (pArr2)
Note thatPr[H,| = Pr{l(A,r;,rx) UL(B, Rr,tx)} > Pr{l(A,r.,rx)}, so Pc > Pyp.

4) Successful Transmission ProbabilRy:

For RTS/CTS enhanced LBT, a data transmission is successful if and only if the RTS/CTS
exchange is successful (see Fig. 14). The secondary transmigends data to the secondary
receiverB only if A receives CTS fromB. Since beforeB replies with CTSB must receive
RTS successfullyB can also receive data successfully. So the probabilitypf successful data

transmission is given by

Ps = Pri{l(A,rg,txX)NL(B, R;,tX)},
= exp|-pA(7(r% + R?) — S;(d, rg, Ry))). (35)
Notice that Py of RTS/CTS enhanced LBT is identical to that of LBT without RTS/CTS for

guaranteed delivery in (27). Moreover, using RTS/CTS enhanced LBT, the throughput is the

same for guaranteed delivery and best-effort delivery.

Primary Tx
B Primary Rx

(a) A detects no primary transmitter  (b) B receives RTS successfully (c) A receives CTS successfully
=-exists no tx withinrp of A =-exists no tx withinR; of B =-exists no tx withinR; of A

Fig. 14. An illustration of successful transmission

5) Properties: By using techniques similar to proving these properties for LBT, we can show
that Property 1,2,3,4 also hold for RTS/CTS enhanced LBT.
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VI. NUMERICAL EXAMPLES

In this section, we first study the PHY layer performance ofarpmity detection for LBT by
observing the ROC curves, and then we investigate the impact of application and MAC hand-
shaking signaling on the translation from PHY layer performance to MAC layer performance.

All the figures in this section are plotted based on the expressions derived in Sec. V.

A. PHY Performance

e
—
- -

0.9} -~
0.8} Pid
0.7F ¢

0.6f N

0.4F 1
0.3

0.2

LBT with RTS/CTS| |
- - =BT

0.1}

0 0.2 0.4 0.6 0.8 1

Fig. 15. ROC performance comparisgn=£ 0.03, A = 10/200%, R, = 200m, R; = 250m, d = 200m, r; = 200m,/0.9).

In Fig. 15, we plot the ROC curves for both LBT and RTS/CTS enhanced LBT, and we can

observe the following facts:

« (0,0) does not belong to the ROC curve of RTS/CTS enhanced LBT. This is due to the
fact that the effective detection range is bounded ali®yesince to receive the CTS signal
successfully, there cannot be primary transmitters withirof A. In other words, a detection
rangerp < R; leads to the saméPr, Pyp) asrp = Ry.

« The ROC performance of RTS/CTS enhanced LBT is always better than or equal to that of

LBT whenrp > R;. Whenrp < R;, we can use randomized detection with paramgter
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to complete the irregular ROC curve of RTS/CTS enhanced LBT in this range. Specifically,
if the RTS/CTS exchange succeeds, we dedifie otherwise, if the RTS/CTS exchange
fails, we decideH,, with probability pr and; with probability 1 — p7. In this case, there

is a straight line that connects (0,0) with the poiitz, Pp) whererp = Ry, i.e., the
starting point in Fig. 15. It is easy to see that in this range, the ROC performance of this
randomized LBT with RTS/CTS may be worse than that of LBT.

B. Impact of Application

Since the design objective is to maximize (representing link throughput) under a collision

constraintP; < (, we showPs as a function ofP; in Fig. 16.

0.16 T T T T T

0.14}

0.12
HFOO00000O0O0 OO0 000 00 -0 -0

0.1

Throughput

0.08

0.06

0.04ff 4 .
O - LBT for guaranteed delivery

LBT for best-effort delivery

0.02

0 0.05 0.1 0.15 0.2 0.25
¢

Fig. 16. Success probability vs interference constrgint=(0.03, A = 10/200?, R, = 200m, Rr = 250m, d = 200m,
r; = 200m/0.9).

From Fig. 16, we observe that even though the detection performance at the physical layer
is the same (see Fig. 15), the MAC layer performance can be different depending on the
applications. When the collision constraint is tight, the throughput is the same for these two types
of applications. The collision constraitithas a critical valu&, above which the throughput for

best-effort delivery is higher than that for guaranteed delivery. Fig. 17 slkjpwas a function
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of the primary traffic loadp\ (or the density of active primary transmitters). We can see that
(o is a decreasing function g@f\. This suggests that primary systems with heavy traffic is more

suitable for spectrum overlay with best-effort delivery applications.

0.25F

0.2

~~ 0.15F

0.1

0.051

0 0.02 0.04 0.06 0.08 0.1 0.12
p (A = 10/200%)

Fig. 17. Critical value of¢ vs. primary traffic load X = 10/200%, R, = 200m, rp = R; = 250m, d = 200m, r; =
200m/0.9).

C. Impact of MAC Handshaking Signaling

Fig. 18 showsPs as a function ofP; for LBT in two typical applications (guaranteed delivery,
best-effort delivery) and RTS/CTS enhanced LBT. Note that using RTS/CTS enhanced LBT, the
throughput is the same for guaranteed delivery and best-effort delivery. We can see that at the
RTS/CTS enhanced LBT may lead to lower throughput when the collision constraint is loose
and the application relies on best-effort delivery. Note that even random detection is used in
RTS/CTS enhanced LBT forp < R; to complete the ROC curve, its throughput can still be
lower than that of LBT for best-effort delivery whehis relatively large as shown in Fig. 19.

VIlI. CONCLUSION

In this report, by considering a Poisson distributed primaeywork, we have derived the

analytical expressions for opportunity detection performance at both PHY and MAC layers.



TECHNICAL REPORT TR-07-05UC DAVIS AUGUST 2007.

0.16

0.14

0.12

0.1

Throughput

0.08

LBT with RTS\CTS

O  LBT for guaranteed delivery
= = = | BT for best-effort delivery
0.15 0.2 0.25

Fig. 18. Throughput comparisop & 0.03, A = 10/200%, R, = 200m, R; = 250m, d = 200m, 1 = 200m/0.9).

0.16

0.14
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0.1
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Throughput

0.06
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LBT with RTS/CTS (randomized)| |
O  LBT for guaranteed delivery
= = = | BT for best—effort delivery

0.1

0.15

0.2

0.25

Fig. 19. Throughput comparisop & 0.03, A = 10/200%, R, = 200m, R; = 250m, d = 200m,

r; = 200m/0.9).



TECHNICAL REPORT TR-07-05UC DAVIS AUGUST 2007. 25

Based on these expressions, we illustrate the complex dependency of the relationship between
PHY and MAC on the application type (guaranteed delivery vs. best-effort delivery) and the
use of handshaking signaling such as RTS/CTS at the MAC layer by some numerical examples.
Specifically, when the interference constraint is tight, we should adopt RTS/CTS handshaking
to improve the link throughput, but RTS/CTS handshaking leads to decreased throughput when
the interference constraint is loose. Moreover, in primary networks with relatively heavy traffic

best-effort delivery applications are more suitable than guaranteed delivery applications.

APPENDIX
A. Intersecting AreaS; of Two Circles

Assume that the radii of two circles arg and r, respectively and the distance between
the centers of two circles ig. Without loss of generality, we also assume that> r,. The
expression fokS; depends on the relation betwedrandr, — 1, 7 + r5 (see Fig. 20), and it

is given in the following three cases.

DR

Case 1 Case 2

&

Case 3

Fig. 20. Intersecting area of two circles

O Casel (0<d<ry—m):

Si(d,r,m9) = ﬂrf
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O Case2 (ro—ry <d<ry+rs) [4]:

r: 4+ d? —r? r? 4 d? —r2
S d — 2 -1 2 1 2 -1 1 2
1(d,r1,7m9) T5 COS <72 irs + 7] cos VI

_d\/r% _ ( +2d2d— )

Sf(d7 T, TZ) - 0

O Case 3 (d>r +19):

B. S.(d,rr + Ry, Rr), Sa1 and S4, in the Polar Coordinate System

Here we pick the secondary transmittéras the origin.

1) S.(d,r1+ R,, Rr) — the area within a circle with radius; + R, centered atd but outside
the circle with radiusRk; centered atB:

> Case 1: R; > d (see Fig. 21)

Sc(du rr + Rpa RI)

(b, if T‘]—FRPSRI—d,
7 Rr—d<r<ri+R,, 6o(r) <0(r) <2m—0y(r), if Rr —d<rr+ R, <Ry +d,
Oo(r) < 0(r) < 2w —0Oy(r), forr< R;r+d )
Ri—d<r<r+R,, o(r) < 6(r) < o) ! . if rr+ R, >Ry +d,
0 <6(r) < 2m, otherwise
d24-r2 _ R2
wheret,(r) = arccos (JF;TRI)
> Case2: Ry <d
Sc(d, rr + Rp, R[)
0<r<rr+R,0<6<2rm if rr +R, <d— Ry,

0 <0(r) < 2m, forr <d— R;
0<r<rr+R,,

2
, ifd—R1<T1+Rp<R[+d7
= Oo(r) < O(r) < 2w — B(r), otherwise
)
2

Oo(r) <O(r) < 2w —06y(r), ford—R; <r<R;y+d

0<r<ri+R,, .
0 <6(r) < 2m, otherwise

, if r;+ Ry, > Rr+d.
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(b)R[—d<T’[+Rp<R[+d (C)’I"[—|—RZ r+d

Fig. 21. lllustration ofS. (Case 1)

2) Sqy = Sc(d, rE, R[) N Sc(d, rr+ Rp, R[):
> Case l: R; >d, d+ R; <r;+ R, (see Fig. 22)

Rr—d <r <Ry, 0y(r) <6(r) <2m —6bp(r) if rp < Ryp,
Rr—d<r<rp, Op(r) <0(r) < 2w —0y(r) if Rf <rp < Ry+d,
Sa1 = Oo(r) < 0(r) < 2w —bOy(r), forr< Rr+d
Ry —d<r<rp, O()_ ()_ O() ! , ifR]+d§TD<T[+Rp,
0<0(r) < 2m, otherwise
Sc(d7 TE7R[)7 if D Z rr+ Rp'

> Case2: R >d,d+Rr>r1+ R,
R[—dST‘SR[, HQ(T)SG(T)SQ’]T—G()(T) If TDSR[,
Sa1=9 Rr—d<r<rp, Op(r) <0(r) <2r —0o(r) if Ri <rp <rr+Rp,

Sc(d7 TE)RI)) if TD Z rr + Rp.
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(C)d+R[§TD<7“[+Rp

Fig. 22. lllustration ofS4; (Case 1)

> Case3: ¢ <R/ <d, d+ R <ri+R,

0<6(r) < 2m,
0 S T S R[7
90(7‘) < 9(7‘) <27 — 90(7“),
0<0(r) < 2m,
0<r<rp,
Sa1 = Oo(r) < 0(r) < 2w — (),
6 <O(r)<2m -6
U GO ST
0<0(r) < 2m,
Sc(d,'l"E,R[),

> Case4: <Ry <d,d+ R >r+R,

0<6(r) < 2m,
0 S r S R[7
90(7‘) < 9(7‘) <27 — 90(7“),
Sa1 = 0<0(r) <2m,
0<r<rp,
Oo(r) < 0(r) < 2w — (1),
Sc(daTE7R[)7

forr<d-— Ry
otherwise
forr <d— Ry

otherwise

28

d)yrp>rr+R,

N If T‘DSR[

, if Rr<rp<Rr+d

ford— Ry <r<Rr+d

otherwise

forr<d— Ry
otherwise
forr <d— Ry

otherwise

, if Ri+d<rp<rr+R,

if TDZTI+Rp

N ifT‘DSR[

, if R1<TD<7"1—|-Rp

if TDZTI+Rp
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> Case5 R <%, d+ R/ <r +R,

Sa1 =

0<r<Ry 0<0<2m,

0<r<rp, 0<6<2m,

0<r<rp,

0<r<rp,

Sc(d7 TE, RI))

0<0(r) < 2m,

Oo(r) < 0(r) <21 — Oy(r),
Oo(r) < 0(r) <21 — Oy(r),

0<0(r) < 2m,

> Case6: Ry <%, d+ R, >r;+R,

3) Spo = Sc(d, D, R[) N Sc(d, rr + Rp, R[):

> Case 1.

o
Sa2 = {

RI - d S T S D,
Sc(deraRI)a

> Case 2:

¢
Sa2 =

0<r<Ry; 0<0<2m,

0<r<rp, 0<6<2m,

OSTSTDu

Sc(d7 TE, RI))

0 <6(r) < 2m,

Oo(r) < 0(r) <21 — Oy(r),

R[Zd,d+R[<T[+Rp

Rr—d<r<rp, Op(r) <0(r) < 2w —0y(r)
Oo(r) < 0(r) <21 — by(r),
0 <6(r) < 2m,

R[Zd,d—l-R[ZT[—'—Rp

SA17

Ry —d<r<rp, 6p(r) <6(r) < 2w —by(r)

> Case3: Ry <d,d+ Ry <ri+ R,

0<r<rp, 0<6<2m,

0<r<rp,

OSTSTDu

Sc(d7 TE, RI))

0<0(r) < 2m,

Oo(r) < O0(r) < 2w — y(r),
Oo(r) < 0(r) <21 — (1),

0 <6(r) < 2m,

forr <d— Ry

otherwise

29

if D SR[

if Ry <rp <d-— Ry

ifd—Rr<rp<Rr+d

ford— Ry <r<Rr+d

otherwise

forr<d-— Ry

otherwise

, if R[+d§TD<’I’[—|—Rp

if ’I’DZ’I’[—FRP

if rp <Ry

if R <rp <d-— Ry
ifd—R]<T‘D<T‘[+Rp

if TDZT]-FR;D

if TDSR[—d
if R;—d<rp<R;+d
forr < Ry +d .
, if R1+d§TD<’I’[+Rp
otherwise
if rp>rr+ Ry
if TDSR]—d

if R]—d<TD<T']+Rp

if TDZTI'i‘Rp

forr <d— R;

otherwise

if T‘ng—RI

ifd—Rr<rp<Rr+d

ford— Ry <r<Rr+d

otherwise

, if Ri+d<rp<rr+R,

if ’I’DZ’I’[—FRP
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> Cased: Ry <d,d+Rr>ri+ R,

0<r<rp, 0<0<2m, if rp <d— Ry
0 <4(r) < 2m, forr <d— R; )
Spg = 0<r<rp, , Ifd—R[<7’D<7’[—|—Rp
Oo(r) < 0(r) < 2w —0o(r), otherwise

Sc(d7TEaRI)a If D 2 rr +Rp

C. Expression fot (rp,rr, R,)

Recall that
"D S[(T, rr, R )
I(rp,rr, Ry) :/0 27‘#&"
By using the expressions &;(r,r;, R,) in Appendix A and figuring out the integral in the
above expression, we can obtain the closed-form expression as below.
O Casel (r; < R,):

. T’DSRP—’I“[

. TDsz“‘TI

. Rp—r1<7“D<Rp—|—7’1

I (7’ D71, Rp)
1, 7’% Rlz, + 7’% — 7’%
= —r;i+-—arccos | ——=——
21 2R,rp
r2r?, ri+rh — R) r? _(ri+ R -1} rh+ 17+ R
+ 5 arccos | —————— | — —arcsin — 3
7er 2rrp s 2riRR, 47TRp

A1+ By 1) (rr + Ry — ) (g = By + 1) (R, — 71 + 7p)
O Case 2 (r; > R,):

. T’DS’I“[—RP

I(rp,rr, Ry) = 7“,23
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e I'D ZT["‘RP
I(’I“D,’I“[,Rp) :7’?

. T[—RP<TD<7‘[+RP

The same as Case(R, —r; <rp < R, + )
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